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Abstract—Generating a long-distance quantum entanglement
is one of the most essential functions of a quantum network
to support quantum communication and computing applica-
tions. The successful entanglement rate during a probabilistic
entanglement process decreases dramatically with distance, and
swapping is a widely applied quantum technique to address
this issue. Most existing entanglement routing protocols use
a classic entanglement-swapping method based on Bell State
measurements that can only fuse two successful entanglement
links. This paper appeals to a more general and efficient swapping
method, namely n-fusion based on Greenberger-Horne-Zeilinger
measurements that can fuse n successful entanglement links, to
maximize the entanglement rate for multiple quantum-user pairs
over a quantum network. We propose efficient entanglement
routing algorithms that utilize the properties of n-fusion for
quantum networks with general topologies. Evaluation results
highlight that our proposed algorithm under n-fusion can greatly
improve the network performance compared with existing ones.

Index Terms—Quantum Networks; Entanglement Routing;
n-fusion Entanglement-swapping; Greenberger-Horne-Zeilinger
(GHZ) Measurements

I. INTRODUCTION

QUANTUM information science is viewed as the next
scientific breakthrough that will propel scientific and

economic developments for the whole society in the near
future, since quantum applications have shown capabilities
far beyond the traditional approaches. For instance, quan-
tum computing algorithms have the potential for exponential
speedups compared to their classical counterparts. Notable
examples include Shor’s algorithm [1] and the quantum linear
system algorithms [2]. Furthermore, these algorithms enable
information generation, storage, and transmission with levels
of privacy, security, and computational power that are currently
unattainable with conventional methods [3].

In the broad context of quantum information science, quan-
tum networks are expected to be promising next-generation
networks. Existing implementations include long-distance (40
kilometers) teleportation via fiber link [4], mobile quantum
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networks [5], and satellite-based integrated entanglement sys-
tems supporting distances over 4600 kilometers [6]. A key
characteristic of quantum networks is entanglement, vital for
the analysis and implementation of quantum computing and
communication. Entanglement creates a unique correlation
among quantum bits (qubits), such as in position or spin, that
remains even over long distances.

Maintaining long-distance entanglement between qubits is
essential for the functionality of quantum networks. Yet, as
the distance between qubits grows, the rate of successful
entanglement diminishes significantly. In the quantum net-
work, a quantum processor is a device that manipulates qubits
to perform computations and facilitate communication of
network nodes. Additionally, applications such as distributed
computing [7] and sensing [8] require entangling processors
across nodes, where each node may host dozens of quantum
processors in a warehouse-scale data center. Due to long
distances and complex layouts, direct fiber links are often
impractical. Entanglement-swapping is an important method,
allowing the establishment of entanglement paths between
quantum processor pairs that previously didn’t share an en-
tanglement. Some certain processors in a network, termed as
“quantum switches”, function as relays that facilitate end-to-
end entanglement by leveraging entanglement-swapping.

This paper studies a key problem in quantum networks,
called entanglement routing, whose goal is to achieve efficient
long-distance entanglement over a quantum network through
entanglement-swapping.

The entanglement routing problem is at the forefront of
recent research, yielding several noteworthy outcomes. Var-
ious studies have introduced entanglement routing algorithms
with associated theoretical frameworks, focusing primarily
on specific network topologies [9]–[14]. Advancements for
more generic network topologies are detailed in [15], [16]. In
these existing quantum routing algorithms, however, switches
are restricted to perform a classic swapping method [17].
This method employs the Bell State Measurements (BSMs).
Notably, since a BSM operates using two qubits, it can only
merge two entanglement links at a time. Figure 1a depicts how
BSM achieves this fusion by entangling two qubits within a
processor.

Recent studies [18], [19] have introduced switches capable
of conducting multi-qubit joint Greenberger-Horne-Zeilinger
(GHZ) projective measurements in the GHZ basis termed as
n-fusion. This allows for the fusion of n ≥ 2 successful entan-‡ Both authors contributed equally to this research.
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glement links simultaneously, a process termed n-fusion. For
instance, Figure 1b demonstrates a scenario where a processor
employs a 3-GHZ measurement, facilitating the fusion of three
simultaneous entanglement links. A real experiment has been
conducted for n = 3 [20]. Importantly, n-fusion, especially
when n ≥ 3, can be seen as an extension of the traditional
entanglement-swapping method. It encompasses the conven-
tional BSM-based method (or 2-fusion) as a specific instance.
As a more general extension of BSMs, n-fusion can support a
wider range of quantum applications beyond quantum state
transmission, which is typically limited to n = 2. These
applications include quantum key distribution [18], quantum
telephone exchanges, multiparty cryptography, and distributed
quantum computing [20]. This could significantly enhance the
network’s entanglement performance. However, current studies
[18], [19] model the problem as a percolation problem, with-
out delving into detailed routing algorithms. Consequently, a
holistic study on quantum entanglement routing utilizing n-
fusion remains notably absent in current literature.

(a) (b)

Fig. 1. (a) An example of traditional swapping under BSM measurement
in the switch, where two quantum links are fused by connecting two qubits
through swapping. (b) An example of 3-fusion, where 3-GHZ measurement
in a switch fuses three quantum links by connecting three qubits. In both
figures, the small white circle in the switch denotes free qubits that are not
for the entanglement, the small black circle in the switch denotes entangled
qubits, the orange line and the orange triangle show the connection between
qubits to fuse quantum links, and black lines indicate the quantum links to
be fused.

Addressing these identified gaps, to the best of our knowl-
edge, this is the first work of a comprehensive entanglement
routing design over a general quantum network topology with
multiple quantum-user pairs where switches can take a general
entanglement-swapping method, n-fusion, with new models,
new metrics, and new algorithms. Our core objective is to op-
timize the entanglement rate within the network, essentially the
expected number of quantum states shared between quantum-
user pairs.

The pivotal contributions of this research are enumerated
below:

1) We introduce a novel comprehensive model for en-
tanglement routing, detailing the entanglement process
wherein switches utilize n-fusion. This model serves
multiple quantum-user pairs aiming to share quantum
states across a general network topology, which can be
easily extended to other sophisticated models such as
fidelity-aware cases.

2) We define the entanglement routing under n-fusion as a
new graph routing problem due to its unique quantum
characteristics. We reveal that n-fusion introduces a
unique graph structure between two terminals—quantum
processors aiming to establish end-to-end entanglement
with each other—characterized as a symmetric flow-
like graph (see Section V-A). This emergence presents

a fresh and uncharted graph routing paradigm, distinct
from conventional graph routing methodologies and not
readily addressed by their standard solutions (as elabo-
rated in Section VI-B). This development holds signifi-
cant implications not only for n-fusion in the quantum
Internet realm but also signals a nuanced intersection of
traditional graph routing with quantum networking.

3) Considering the unique graph structure introduced, we
define the routing metric based on the n-fusion. The
metric evaluates network performance, which we then
optimize using algorithmic design.

4) Efficient entanglement routing algorithms are designed
for the entanglement, facilitating the sharing of quantum
states among quantum-user pairs.

5) Through extensive simulations, we validate the effi-
ciency of our innovative n-fusion algorithm. When
compared in the same network settings, our approach
showcases up to 6× enhanced performance relative to
existing classic swapping algorithms. Additionally, it
substantially outperforms existing n-fusion methods in
terms of the network’s entanglement rate.

The organization of this paper is as follows: Section II
reviews related literature, and Section III outlines the quantum
background pertinent to our study. Section IV describes our
network model, while Section V formulates the problem.
Section VI examines the problem and its associated chal-
lenges. Details of our entanglement routing algorithms are
in Section VII, and our recovery algorithm is presented in
Section VIII. Simulation results are discussed in Section IX,
including a comparison with existing methods. Section X
concludes the paper.

II. RELATED WORKS

System implementation: Several research labs and com-
panies have constructed trial quantum networks for purposes
such as quantum key distribution or real qubit transmission.
Examples include the DARPA quantum system [21], the SEC-
OQC Vienna QKD system [22], the Tokyo QKD system [23],
the mobile quantum system [5], and integrated satellites [6].
However, due to hardware limitations, there are currently no
large-scale quantum networks in widespread use.

Entanglement routing under BSMs: This group of studies
explored the traditional swapping method based on Bell state
measurements (BSMs) in quantum networks. Vardoyan et
al. [12] investigated the theoretical performance of processor
capacity and memory occupancy distribution for a single pro-
cessor serving multiple quantum users. Shchhukin et al. [13]
analyzed the average waiting time for a single entanglement
path using Markov chain theory. Pant et al. [9] proposed a
local routing policy for independent processors in both single-
flow and multi-flow scenarios. Das et al. [14] introduced a
routing algorithm for two sets of quantum users in a Bravais
lattice topology. Li et al. [10] explored flow-based system
performance in a lattice network. Chakraborty et al. [11]
suggested a greedy routing design for ring and grid networks.
These works primarily focused on routing design in quantum
computing systems with specific topologies.
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Shi et al. [15], [16] proposed routing algorithms for a
random graph to maximize network throughput. These al-
gorithms were greedy-based, selecting the path with the
highest throughput until no feasible paths remained. Zeng et
al. utilized optimization methods to simultaneously optimize
network throughput and the number of served users, achieving
improved performance. Studies by Chakraborty et al. [24]
and Qiao et al. [25] incorporated fidelity as an entanglement
constraint. Zhao et al. [26] proposed segmented entanglement
establishment, integrating all-optical switching and quantum
swapping. Zhao et al. [27] developed two distributed proto-
cols for transporting quantum information in quantum data
networks. Liu et al. [28] focused on designing entanglement
protocols for communication. Ghaderibaneh et al. [29] ex-
amined a tree structure to determine the swapping policy.
Ref. [30] and Ref. [31] aimed to maximize the throughput
of multiple quantum user pairs. Li et al. [32] summarized the
research challenges in the quantum network field. Vardoyan
et al. [33] explored the problem of multi-path entanglement
routing between two nodes in a quantum network, considering
the potential for multiplexing capabilities in network links.
Zeng et al. [34] utilized EPRs to establish connection among
more than two users. Van Milligen et al. [35] proposed a multi-
path routing protocol based on local link-state knowledge,
utilizing time-multiplexed switches within a grid network.

Entanglement routing under n-fusion: Patil et al. [19]
reached an intriguing conclusion that in a grid/lattice network
where switches employed n-fusion entanglement-swapping,
the entanglement rate between a pair of quantum users does
not depend on the distance between them. They later extended
this finding to a model incorporating a space-time multiplexed
method [18]. However, this conclusion was derived from the
percolation theorem [36], which applies to graphs with specific
structures. Moreover, they only explored the scenario with
a single pair of quantum users. Sutcliffe and Beghelli [37]
extended n-fusion to enable multi-party entanglement among
more than two users. Bugalho et al. [38] presented an al-
gorithm for multipartite entanglement in noisy quantum net-
works, under a given distribution scheme. Clayton et al. [39]
present QuARC, which adaptively clusters the network to cut
latency.

III. BACKGROUND

In this section, we will introduce some important quantum
terminologies and mechanisms that we will use in this paper.

A. Basic Terminologies
Qubit: A qubit, the fundamental unit of quantum infor-

mation, can be an electron, photon, or atomic nucleus and is
defined by its quantum state [40]. Unlike a classical bit, which
represents 0 or 1, a qubit can exist in a superposition of both
states.

Entanglement: Entanglement is a phenomenon in which a
group of qubits expresses a high correlation state that cannot
be described by the classical theory of probability. n qubits can
be maximally entangled as a n-GHZ state, i.e., |0⟩⊗n+|1⟩⊗n

√
2

.
The Bell State that contains the exact two qubits can be viewed
as a special case of the n-GHZ state, where n = 2.

B. n-fusion

In this study, we consider the entanglement-swapping tech-
nique called n-fusion, as discussed in [18], [19]. The n-fusion
method is based on GHZ measurements that allow n measured
qubits to be projected onto one of the 2n GHZ states. Figure 2
provides an example where three independent states become
entangled in a 6-GHZ state through GHZ measurements. When
n = 1, the operation corresponds to a single-qubit Pauli
measurement [41]. When n = 2, the operation is a Bell State
Measurement (BSM) on two qubits.

Fig. 2. A 3-fusion in a processor over one Bell state, one 3-GHZ state, and
one 4-GHZ state. 3-fusion generates a 6-GHZ state after the swapping.

In a quantum network, this technique can be applied for
entanglement swapping, allowing switches to fuse n successful
entanglement links simultaneously (see Figure 1b). When
n = 2, this corresponds to traditional entanglement swapping,
which uses BSMs to fuse two quantum links [17] (see Figure
1a).

C. Entanglement Process

In this subsection, we explore a generalized entangle-
ment process that includes n-fusion entanglement-swapping
for switches. Traditional swapping is a specific case within
this framework. The process comprises two phases: Phase I
involves preparatory steps for the upcoming entanglement,
and Phase II entails implementing entanglement across op-
tical fibers and performing quantum link fusions through
entanglement-swapping within switches. Each phase is de-
tailed below.

• Phase I: This phase uses a central controller to design
entanglement routes offline and distribute them to the
relevant switches. At the start of each entanglement
cycle (i.e., the average entanglement lifetime), the central
server queries all switches for their latest outcomes and
uses this updated status for subsequent routing decisions.
Currently, classical computing remains more effective for
tasks like solving routing problems. The central device
uses offline data, including quantum user details, network
structure, and switch specifications, to determine the
best entanglement routes given the constraints of switch
capacities. These routes are then communicated to the
quantum processors via classical channels to prepare for
the entanglement activities in Phase II.

• Phase II: There are three steps in Phase II. We adopt
a slotted-time model similar to Ref [18], [37], where the
entire entanglement process is divided into fixed-duration
time slots (cycles). Each cycle consists of three phases:

– Synchronization and Initialization: All switches align
their internal clocks at the start of each slot. The cen-
tral controller then broadcasts the predefined routing
paths (from Phase I) to every switch, establishing the
target links for this cycle.
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– Probabilistic Entanglement Generation & Local Re-
covery: Within the slot, each switch attempts en-
tanglement generation on its assigned fiber links.
Failures are detected immediately, but the slot is too
short for global coordination. Instead, switches use
only local information (success/failure of their own
and neighbor links, up to a few hops) to form on-
the-fly recovery paths and retry entanglement within
the same slot.

– Entanglement Swapping: At the end of the slot,
switches perform n-fusion (or BSMs when n = 2) on
all successfully generated links. The resulting end-
to-end entangled states are then available for the next
cycle’s quantum operations or higher-level protocols.

This slotted approach ensures a clear timing structure—each
slot comprises generation (with local recovery) followed by
swapping—while avoiding prohibitive global communication
delays.

IV. QUANTUM NETWORK MODEL

In this section, we introduce the quantum network model.

A. Network Component

We consider a general network topology where switches
take n-fusion entanglement-swapping for the entanglement.
We first introduce four main components of the quantum
network.

1) Quantum user: A quantum user is a quantum cluster
that consists of multiple quantum processors that are tightly
coupled, enabling different quantum states to support a variety
of applications. For example, Flamingo, a planned quantum
computing cluster from IBM, will consist of 7 quantum
processors, each equipped with 156 qubits [42]. A quantum
user seeks to establish entanglement with another user by
sharing quantum states.

The network comprises multiple quantum-user pairs. While
each quantum user can utilize different qubits to simultane-
ously entangle with various other quantum users, any single
qubit from a quantum user can participate in only one quantum
state at a time. The set of quantum-users is denoted as
U = {ui}Ui=1.

2) Quantum switch: Quantum switches act as specialized
quantum processors, serving as relay nodes to enable remote
entanglement through the process of entanglement-swapping.
While quantum users possess qubits dedicated to both com-
putation and communication, quantum switches are outfitted
solely with communication qubits and are exclusively utilized
for the task of entanglement-swapping. The collection of these
switches is represented by V = {vi}Vi=1. We assume that
each switch has the capability to execute a Qvi -fusion, where
Qvi denotes the quantum memory capacity of switch vi ∈ V ,
representing the maximum number of qubits that can be si-
multaneously stored and involved in entanglement operations.
The capacity of a switch vi is denoted by Qvi , representing
the number of quantum memory qubits it can hold. The switch
can perform l-fusion operations for any l ≤ Qvi . In practice,
the success rate of n-fusion typically decreases as n increases,

since manipulating and coherently measuring a larger number
of entangled qubits poses greater experimental challenges.
This implies that an l-fusion generally has a higher success
rate than a full-capacity Qvi -fusion when l < Qvi .

However, quantifying the relationship between fusion size
n and success probability is still difficult. The fusion process
is probabilistic and influenced by platform-specific factors
such as optical alignment, control fidelity, and environmen-
tal noise. Even for 2-qubit Bell-state measurements, models
often use fixed success rates without capturing these physical
details. Extending this to general n-fusion introduces further
uncertainty, and no standard theory currently models this
accurately. To keep the model tractable and consistent, we
conservatively approximate all l-fusion attempts at a switch
using the success rate corresponding to its full capacity Qvi .
While this may underestimate the success rate for l < Qvi ,
it avoids introducing unverifiable assumptions and preserves
platform independence.

3) Quantum link: The quantum link is established between
two qubits from processors over the optical fiber that connects
two switches to support the entanglement. When a quantum
link is successfully established, the neighboring switches share
a Bell pair given by |00⟩+|11⟩√

2
[40]. The qubits used in the link

will be occupied and thus cannot be used for other quantum
links simultaneously. The probability of achieving successful
entanglement across the quantum link is influenced by the
length of the link and the material properties of the optical
fiber. It is described as p = e−αL, where α is a constant related
to the material, L is the length of the quantum link between the
switches and e is Euler’s number with an approximate value
of 2.71828.

Considering that multiple optical fiber cables might be
present between switches, and each cable has individual cores
that can act as quantum links, multiple quantum links can
exist on the same edge for a specific quantum state, referred
to as a quantum channel. Moreover, several quantum channels
for different quantum states can simultaneously exist on the
same edge. These optical fibers are also capable of transmitting
classical information through the network, namely a bit which
is either a 0 or 1.

4) A center server for traditional computing and communi-
cation: The center server is crucial for maintaining and relay-
ing network information, including topology and connections,
to the switches. It operates under a semi-trust (honest-but-
curious) model [43], [44], faithfully executing protocols but
attempting to learn all possible information. Additionally, the
server handles computational tasks, such as pre-calculating
routes for quantum-user pairs, to support the entanglement
process.

B. Network Topology

The network can be visualized as an undirected graph rep-
resented by G = (V, E). Here, V = U ∪ V denotes the union
of quantum users and quantum switches. An edge that bridges
users or switches, vi ∈ V and vj ∈ V , is termed as evi,vj

, and
the edge set is denoted by E = {evi,vj ⊂ (vi, vj) : vi, vj ∈ V}.
The topology of the graph can be arbitrary. Figure 3 shows



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 5

an example of the proposed quantum network. The topology
of the quantum network is relatively stable, with network
information being readily available to all switches.

Fig. 3. An example of quantum network. The network consists of a center
server, quantum switches, quantum users, and optical fibers, with nodes
interconnected through optical fibers and the center server connected to each
node in the network. The components are illustrated in Section IV-A.

V. PROBLEM STATEMENT

In this section, we begin by introducing an innovative graph
structure, termed the flow-like graph, situated between two
quantum users for the purpose of sharing quantum states. This
structure is generated from the distinctive attributes of n-fusion
which is different from the flow in classic graph theory [45].
Subsequent to that, we define the routing metric rooted in
the flow-like graph. Finally, we formally formulate a graph
problem.

A. The Flow-Like Graph

Considering a quantum state to be shared between two
quantum users, the n-fusion technique enables a switch to fuse
any number of quantum links, as long as the qubits utilized
in the switches for generating these links do not surpass the
switch’s capacity. This leads to the creation of a connection
topology between one pair of quantum users, which is referred
to as a flow-like graph. The definition of this flow-like graph
is presented as follows:

Definition 1. A flow-like graph is an undirected graph G =
(S,E), where S = {U1, U2} ∪ V represents the set of
nodes (including the two connected nodes U1 and U2 and
intermediate nodes v), and E ⊆ S × S represents the set of
edges. For each v ∈ V , the capacity cv ∈ N+ satisfies the
constraint:

∑
u∈S eu,v ≤ cv , where eu,v ∈ E represents the

edge between nodes u and v.

In the quantum network, {U1, U2} represents one quantum
user pair, V denotes the set of switches, and E represents
quantum links established by pairs of entangled qubits. A
flow-like graph indicates the connection of two quantum users
through a shared quantum state. Within the context of a flow-
like graph, any node that is shared by more than one path for
the same quantum state is termed a “branch node”, where a
path is a sequence of nodes where each node is connected
to the next by an edge. A branch node has two or more
child nodes in the flow-like graph; this characterization is
independent of the fusion size n.

An example of flow-like graphs is shown in Figure 4, where
a pair of quantum users, Alice and Bob, share two quantum

Fig. 4. Two flow-like graphs for two shared quantum states between a
quantum-user pair. A Bell state denoted by qubits in green is entangled
through gray links between & within switches. A 4-GHZ state, represented by
black dots, is entangled via yellow links both between and within switches.
In this graph, switches are labeled with index numbers, where Switch 1 and
Switch 3 serve as branch nodes for this flow-like graph as they all have two
different branches to their next-hop nodes.

states, represented by green and black dots respectively. Fo-
cusing on the quantum state represented by the black dots,
we see that starting from Alice, switches are interconnected
through quantum links over pairs of qubits. Within these
switches, qubits are linked internally via the n-fusion process.
The flow-like graph is a symmetric flow graph that establishes
connections between two end nodes, and thus, inherently no
direction between them. For ease of analysis, we define one
end node as the source and the other as the destination. Starting
from the source node, it is noteworthy that a switch can have
multiple branches at once, with each branch corresponding
to distinct paths, thereby establishing unique directions for
the entanglement. Such switches are termed branch nodes.
For instance, switch 3 acts as a branch node with two paths
dedicated to the shared state represented by the black qubits.
Conversely, switch 4, despite being a part of two paths, is not
considered a branch node because these paths pertain to two
distinct shared quantum states. It is essential to underscore
that, for any two separate quantum states shared between the
same quantum-user pair, their corresponding flow-like graphs
do not overlap in terms of quantum links. This non-overlap
holds true for both internal links within switches and external
links connecting switches.

Comparison between the Flow-like Graph and the
Classic Flow: The flow-like graph differs from the classic
flow in traditional graph theory due to the distinctive features
of quantum mechanics from n-fusion. The key difference
between a flow-like graph and flow is that a flow-like graph is
not an actual flow but shares a similar topology. Specifically,
a flow is directed and must satisfy the Flow Conservation
principle, which states that for any node (except the source
and sink), the sum of incoming flows must equal the sum of
outgoing flows. In contrast, a flow-like graph is symmetric and
undirected, reflecting the nature of quantum entanglement, and
it does not need to satisfy Flow Conservation.

B. Routing Metrics

To quantify performance, we define the entanglement rate as
the expected number of quantum states (including Bell states
and GHZ states) generated between quantum-user pairs in the
quantum network under n-fusion per cycle, where a cycle
represents a time window equal to the average entanglement
duration. We start from the simple case of a quantum channel
and then extend it to the flow-like graph.
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1) Entanglement rate of a quantum channel: Given two
neighboring nodes vi and vj , a quantum channel consists of
parallel quantum links connecting them. Let w represent the
width of the quantum channel. This width indicates the number
of parallel quantum links positioned between the two switches
to facilitate the sharing of a single quantum state. Ref. [46]
provides a detailed description of entanglement generation
at the link layer. As depicted in Figure 5, the width of the
edge connecting Alice and Carol is 2. The entanglement rate
between these two neighboring switches is defined as the
probability of creating at least one successful entanglement
link for a quantum state, i.e.,

Pij = 1− (1− pij)
w.

Here, pij = e−αLij represents the successful entanglement
probability over a link with an Euclidean length of Lij . Re-
ferring to Figure 5, if we let p be the successful entanglement
probability of an individual quantum link and assume all links
have this uniform rate, then the entanglement rate between
Alice and Carol becomes 1− (1− p)2.

2) Entanglement rate of a path: For a specified path
A = {a0, a1, . . . , al}, with l representing the path’s length
in terms of the number of edges and each ai ∈ A is a vj ∈ V ,
the entanglement rate for a quantum state is determined
by the successful entanglement-swapping probability at each
intervening switch and the entanglement rate across each edge.
Formally, the entanglement rate for path A is:

PA =

l−1∏
i=2

qi

l∏
j=1

Pj(j+1).

Referring to Figure 5, the entanglement rate of a path spanning
Alice and Bob is (1− (1−p)2)pq, with q representing Carol’s
successful probability to employ n-fusion for fusing three
quantum links.

Fig. 5. Example of entanglement along a path: Black qubits are entangled via
red internal links within switches through 3-fusion, and orange links between
switches. The quantum channel width w is 2 between Alice and Carol, and
1 between Carol and Bob.

3) Entanglement rate of a flow-like graph: To compute the
entanglement rate for a shared quantum state within this graph,
it is imperative to traverse each branch node and every path
encompassing these nodes.

The computational procedure initiates with a single quantum
user navigating through every edge and switch sequentially.
Consider a flow-like graph represented as Ĝ = {U1, U2, ϱ},
where the intent is to share the quantum state ϱ between
quantum user U1 and U2. We designate user U1 as the root
node. Starting from user U1, neighboring nodes of user U1

along the direction from user U1 to user U2 are called child
nodes. Every child node can have its own child nodes.

P{a,b,ϱ} represents the entanglement rate from node a to
node b for ϱ. When we fix a quantum state ϱ, the notation is
shortened as P{a,b}, where node a and node b are two nodes in
Ĝ = {U1, U2, ϱ} and node a has a shorter distance to user U1

compared with node b. Ca denotes the set of all child nodes of
node a in a symmetric flow graph. Then the entanglement rate
of Ĝ = {U1, U2, ϱ} can be computed via a recursive process:

P{U1,U2} = 1−
∏

u∈CU1

(
1− P{U1,u}P{u,U2}

)
. (1)

Eq. (1) calculates the overall entanglement rate between two
nodes, U1 and U2, by combining the probabilities of successful
entanglement across multiple paths through child nodes of U1.
For each child node u, the term P{U1,u}P{u,U2} represents
the success probability of establishing entanglement along
a path from U1 to U2 via u, while 1 − P{U1,u}P{u,U2}
gives the probability of failure along that path. The prod-
uct

∏
u∈CU1

(
1 − P{U1,u}P{u,U2}

)
represents the combined

probability that all paths fail to establish entanglement, so
the final expression 1 −

∏
u∈CU1

(
1 − P{U1,u}P{u,U2}

)
gives

the probability that at least one path successfully creates
entanglement between U1 and U2, effectively calculating the
entanglement rate across multiple potential paths.

Each entanglement state generation is independent of others.
The entanglement rate of a single state equals its successful
entanglement probability. Even if undesired states arise during
n-fusion, they remain local to the switch and can be removed
via Z-measurements or overwritten in the next cycle. Since
our focus is to maximize the total expected number of states
across the entire network, such local by-products do not affect
the end-to-end distribution of GHZ states.

C. The Entanglement Routing Problem

This work explores an entanglement routing problem in
the quantum network, where switches can execute n-fusion
entanglement-swapping using GHZ measurements. We focus
on a predefined quantum network characterized by an arbitrary
network graph G = (V = U ∪ V, E). Here, a collection of
quantum-user pairs, represented as ⟨si, di⟩, si, di ∈ U , aims to
establish entangled quantum states (encompassing Bell states
and GHZ states) amongst themselves. A quantum user holds
the capability to simultaneously share distinct states with
various other quantum users, and multiple quantum states can
be exchanged between a single user pair.

We assume each quantum user has sufficient qubit memory
for entanglement since a quantum user can be regarded as a
quantum cluster with extensive qubit capacity, enhanced by
integrating multiple quantum processors.

Due to hardware implementation challenges, the capacity of
current quantum switches in labs usually ranges from 2 to 8
qubits [47], [48]. In contrast, optical fiber technology provides
a more economical alternative at about 0.5 U.S. dollars per
kilometer and allows a single cable to include up to 25 cores,
each functioning as a separate entanglement link. It’s also fea-
sible to install multiple optical fiber cables between switches,
ensuring sufficient edge capacity for quantum entanglement.
We denote the number of qubits in a switch v ∈ V as Qv .
The number of entangled pairs that can be generated over an
edge between two neighboring nodes is limited by the smaller
memory capacity of those nodes, i.e., min{Qu, Qv}, where
Qu and Qv are the capacities of the two nodes.
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In this study, the foremost constraint is the number of qubits
in each switch, implying that a switch can’t allocate more
qubits for entanglement than its capacity. We assume that
every switch maintains a consistent successful entanglement-
swapping probability, represented by q ∈ [0, 1] for n-fusion.
The success rate of establishing a quantum link directly
correlates with its Euclidean length, described by the equation
pij = e−αLij . Our main objective is to optimize the network’s
entanglement rate, which is the expected number of shared
quantum states across quantum-user pairs. The specifics of
the entanglement process are elaborated in Section III-C. We
articulate the problem as:
Problem. n-fusion Entanglement Routing Problem (NERP).
Let G = (U ∪ V, E) be an undirected graph, where U is the
set of quantum-user nodes, V is the set of quantum-switch
(repeater) nodes, and E ⊆ (U ∪V)× (U ∪V) is the set of fiber
links.
Input. 1. User pairs M = {(si, di) | si, di ∈ U , i =
1, . . . ,M}. 2. Topology of the graph G. 3. Switch capacities
for each v ∈ V , an integer Qv ∈ N+ giving the maximum
number of simultaneous entanglement links incident to v.
Output. A collection of flow-like graphs (paths) R = {Ri}Mi=1

such that each graph connects user pair (si, di) via quantum
links; for every switch v ∈ V , the total number of links
selected on edges incident to v does not exceed Qv .
Objectives. Choose path sets (and the corresponding fusion
operations performed on the selected links) so as to maximize
the overall end-to-end entanglement rate delivered to all user
pairs, subject to the above capacity constraints.

VI. PROBLEM ANALYSIS

A. Impact of n-fusion for the Entanglement Routing

This research sets itself apart from prior work by intro-
ducing a broader model, accounting for switches that exe-
cute n-fusion in a quantum network with arbitrary topology
for entanglement routing. This approach results in flow-like
graphs forming between pairs of quantum users. Compared
to traditional entanglement swapping that employs BSMs, n-
fusion offers several advantages:

1) Increased flexibility in fusing quantum states: BSMs
can only fuse two links simultaneously; thus, when
the number of qubits in a switch is odd, one qubit
will remain unused. In contrast, n-fusion enables the
switch to fuse varying numbers of quantum links for
different quantum user pairs, thus fully utilizing the
qubits within the switch. For example, consider a switch
with q qubits, n-fusion permits various combinations that
can fully exploit all available qubits within the switch.
In comparison, swapping under BSMs can only connect
⌊q/2⌋ pairs of quantum links. Additionally, since n-
fusion is a general case of swapping under BSMs, a
switch capable of performing n-fusion can also perform
BSMs for swapping. Therefore, n-fusion can utilize the
qubits within the switches more efficiently and thus
enhance flexibility in fusing qubits for entanglement
generation.

2) Enhanced adaptability to varying network demands:
By enabling switches to fuse an arbitrary number of
links, n-fusion allows the network to tailor entanglement
resources to user requirements. For example, when users
require richer correlations, n-fusion can generate k-qubit
GHZ states between a node pair, which cannot be de-
terministically achieved using only BSMs without local
ancilla qubits and additional operations. It enables two-
node protocols such as QKD [18], quantum telephone
exchanges, and distributed quantum computing [20].

Remark on Entanglement Type. This work focuses on en-
tanglement distribution between user pairs, where the shared
entanglement could be Bell pairs or multi-qubit states, de-
pending on the network configuration and fusion operation.
Notably, traditional BSM-based entanglement swapping is a
special case of n-fusion when n = 2.

B. Challenges

To successfully tackle the challenges of entanglement rout-
ing, the algorithm must primarily address two core issues:

1) Routing: This involves identifying the routes for con-
necting quantum-user pairs to share quantum states.

2) Allocation: Once routes are set, the algorithm must ef-
ficiently allocate qubits within switches for the selected
paths.

Addressing these issues presents a two-pronged challenge.
(1) The main challenge in designing flow-like routes under

the n-fusion framework (Section V-A) arises from two core
differences from classical models: (i). Non-linear, probabilistic
objective. The entanglement rate depends non-linearly on
the fused links and their success probabilities, unlike the
linear metrics optimized by algorithms such as Dijkstra [49],
Yen [50], or Ford–Fulkerson [45]. (ii). No flow conservation.
Classical flows enforce conservation at intermediate nodes,
whereas our model limits the total number of connected links
by each node’s quantum memory capacity. This violates stan-
dard flow assumptions, making conventional multi-commodity
flow algorithms [51] inapplicable.

Moreover, the number of potential flow-like graphs for a sin-
gle quantum-user pair in a comprehensive graph can be as high
as 2(|V|−2)!e, where |V| is the vertex count in G. The number of
simple paths in a complete graph is given by (|V|− 2)!e [52],
and flow-like graphs can be a combination of any simple paths.
This complexity results in significant computational overhead
when identifying efficient routes under n-fusion.

(2) The secondary challenge involves determining the op-
timal qubit allocation in switches for routes corresponding to
diverse quantum states to maximize the entanglement rate, a
task complicated by two key factors.

Firstly, calculating the entanglement rate for specific routes
is computationally intensive due to the non-linear and recur-
sive nature of the formula depicted in Equation 1. This calcula-
tion requires recursive traversal through all branches and paths
of a flow-like graph, significantly increasing computational
demands.

Secondly, the design process for qubit allocation within
a flow-like graph is complicated by the variability in qubit
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numbers allocated by switches to a shared quantum state.
Unlike traditional swapping where qubit allocation remains
consistent, in this study, the allocation can vary across different
switches. Therefore, the proposed algorithm must not only
efficiently identify routes from numerous possibilities but also
skillfully manage qubit assignments within nodes for complex
paths linked to specific pairs.

It is important to note that the Routing problem and the
Allocation problem are intricately linked when addressing
the NERP. Specifically, determining the branches at a branch
switch necessitates the determination of the qubit allocation for
that switch. Consequently, both the Routing and Allocation
problems must be addressed jointly and simultaneously.

Theorem 1. The NERP is NP-Complete.

The detailed proof is provided in the appendix.
This paper presents a fundamental routing model under

n-fusion, abstracting the quantum network as a graph with
fusion-specific constraints that depart from classical routing
formulations. While n-fusion may introduce higher fidelity
loss or generate unintended states compared to traditional
swapping, our focus is on the algorithmic structure of the
routing problem. This abstraction enables further scalable
analysis (e.g., Ref. [39]) and provides a foundation for future
fidelity-aware extensions.

VII. ENTANGLEMENT ROUTING ALGORITHMS

A. Algorithm Overview

Notably, a flow-like graph can be conceptualized as a union
of multiple paths representing the same quantum state. Given
the complexity of directly identifying flow-like graphs and
the high time complexity associated with calculating their
entanglement rate, we first identify the paths and then merge
them to form flow-like graphs to maximize the entanglement
rate. We propose an entanglement routing algorithm that
unfolds in three distinct steps, with each comprising one or
two sub-algorithms. An example of all algorithms is given in
Figure 6.

• Step I: We develop algorithms to construct a set of paths
for unique shared quantum states, prioritizing paths with
the highest entanglement rates across different widths.
The paths from this ensemble will either be employed
directly as routes or be amalgamated to form flow-like
graphs for shared quantum states.

• Step II: This step is to select paths and then merge them
as entanglement routes to maximize the network’s overall
entanglement rate. We consider two distinct merging
policies based on selection orders: the width of a path and
the entanglement rate of a path. Starting with paths that
either have the largest width or the largest entanglement
rate, we sequentially pick paths. Our aim here is to merge
chosen paths corresponding to the same quantum state
under n-fusion, a process that helps conserve the qubit
resources within the network and consequently facilitates
the formation of flow-like graphs.

• Step III: Any remaining unallocated qubits are harnessed
to establish quantum links in this step. These links are

appended to paths or flow-like graphs established in Step
II with the intention of increasing the entanglement rate.
For each shared quantum state, the switches aim to merge
the maximum possible quantum links, adhering to the
routes specified by the entanglement routing algorithm.

B. Step I: Construct a path set

In Step I, our objective is to identify the path with the
largest entanglement rate given a specified width. Given that
the paths in this set are instrumental in determining the final
entanglement routes, network resources can be utilized repeat-
edly during the selection process. Specifically, Algorithm 1
is initially proposed to determine a w-width path with the
largest entanglement rate. Building upon the foundation of
Algorithm 1, we then introduce Algorithm 2 to simultaneously
discern multiple paths across a range of widths. The output of
Algorithm 2 will serve as the path set for the merging in Step
II.

Algorithm 1 Largest Entanglement Rate Algorithm
Input: V, E , S,D,Q, w
Output: A = {S, a1, ..., al−1, D}, bD

1: Queue←− {S}, bi ←− 0, prei ←− 0(∀i ∈ V), bS ←− 1
2: if QS < w or QD < w then
3: Return no solution
4: end if
5: while Queue ̸= ∅ do
6: Select vi ∈ Queue s.t. bvi is max
7: Remove vi from Queue
8: for all vj ∈ V, evi,vj ∈ E do
9: if bvj < bvi through evi,vj and Qvj ≥ 2w then

10: bvj ←− bvi through evi,vj , prevj ←− vi
11: if vj /∈ Queue then
12: Queue←− Queue ∪ vj
13: end if
14: end if
15: end for
16: end while
17: if bD = 0 then
18: Return no solution
19: end if
20: t←− preD
21: while t ̸= S do
22: al ←− vt, t←− pret, l←− l − 1
23: end while

1) Algorithm 1: The w-width Path Selection: The algo-
rithm 1 finds a path with the highest entanglement rate
on a graph. The approach is reminiscent of Dijkstra’s al-
gorithm [49], but the objective is to maximize the entan-
glement rate rather than minimize path length. Given the
graph G = (V = U ∪ V, E), Algorithm 1 selects a path A
between S,D with a specified width w. We assume each edge
provides link capacity exceeding the adjacent nodes’ memory
capacities, ensuring memory remains the only bottleneck for
entanglement generation. S and D are quantum users or
quantum switches aiming to share a state. Qvi ∈ Q is the
number of qubits in a node vi ∈ V . If the node is a quantum
user, we assume its capacity Qvi is infinity. A represents the
path from S to D, and bD denotes the entanglement rate of the
path from S to D. The process of the algorithm is as follows:
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• Line 1: Create a priority queue Queue to store possible
nodes boasting the largest entanglement rate.

• Line 2 to 4: Ensure S and D have enough qubits for the
path with width w.

• Line 5 to 7: Select a node vi from Queue with the
maximum bvi

, while bvi indicates the entanglement rate
of the path from S to vi. This procedure iterates until
there is no element in Queue.

• Line 8 to 15: Enumerate the neighbor nodes vj for all
edge evivj ∈ E to update bvj . If bvj is updated, it can be
a potential selected node of subsequent iterations.

• Line 17 to 19: Check if an entanglement path exists from
S reaches D.

• Line 20 to 23: Construct the path A by tracing the array
pret, while pret records the previous node that belongs to
the maximum entanglement path ends with node t. pret
is recorded when updating bt in line 10.

The algorithm’s validity is underpinned by the non-
increasing nature of the metric. In each step, pij , which reflects
the success rate of a hop as e−αLij within the [0,1] range, is
added to an existing path. Since the success rate of the existing
path also falls within [0,1], the combined success rate remains
within this range and does not exceed the original path’s rate.
Consequently, once a node is identified as having the highest
entanglement rate path, its rate will not be updated further.

Algorithm 2 Paths Selection Algorithm
Input: V, E ,S,D,M,Q, h
Output: A

1: for all ϱSD ∈M do
2: for all w from W to 1 do
3: Alg1(V, E , S,D, ϱSD,Q, w)
4: Obtain path A = {S, a1, a2, ..., D} and metric bD
5: PQueue←− {(∅,A, bD)}, Ext←− 0
6: while PQueue ̸= ∅ and Ext < h do
7: Extract (E,A = {a0 = S, a1, a2, ..., al = D}, bD) ∈

PQueue with maximum bD
8: A ←− A∪ (A, w), Ext←− Ext+ 1
9: Remove (E,A, bD) from PQueue

10: for all e←− (ai, ai+1) ∈ A do
11: Alg1(V, E \ (E ∪ {e}), ai, D, ϱSD,Q, w)
12: Obtain sub-path {ai, a

′
1, a

′
2, ..., D} and metric b′D

13: Construct A′ ←− {S, a1, ..., ai, a
′
1, a

′
2, ..., D}

14: Compute metric b′D
15: PQueue←− PQueue ∪ (E ∪ {e},A′, b′D)
16: while |PQueue|+ |A| > h do
17: Remove item from PQueue with min bD
18: end while
19: end for
20: end while
21: end for
22: end for

2) Algorithm 2: Multi-path Selection: Algorithm 2 is de-
signed to compute paths with the peak entanglement rates
amongst all quantum-user pairs in M = {ϱSD, S ∈ S, D ∈
D}. Here, Yen’s algorithm is adapted to utilize Algorithm 1.
The maximum possible width W = max{Qvi ,∀vi ∈ V}, sat-
isfies the largest qubit count in a single switch. The algorithm
outputs a set A that records the information of selected paths.
Each element in A is a tuple (A, w), while A is the path and

w is the width of the path. The process of the algorithm is as
follows:

• Line 1 to 2: Enumerate the quantum-user pair and width.
For a designated quantum state ϱSD and width w, the
algorithm identifies h paths with the highest entanglement
rates and includes them, along with their corresponding
width w, in the set A. h denotes the predefined number of
paths identified using Algorithm 2. Generally, a larger h
increases the chance of finding higher-entanglement-rate
paths but also incurs greater computational cost. h is set
to 105 by default.

• Line 3 to 5: Identify a path A with the largest entangle-
ment rate as the initial path in a priority queue PQueue.
Each entry in PQueue consists of three components: an
excluded edge set E, the path A, and the entanglement
rate bD.

• Line 6 to 9: Select the path A from PQueue with
the peak entanglement rate, not already in A, which is
considered the next largest entanglement rate path. Ext
limits the number of loops to no more than h.

• Line 11 to 15: Construct potential paths by A and store
them in PQueue. For path A = {a0 = S, a1, ..., al = D}
which includes the hop e = (ai, ai+1), the algorithm
calculates a sub-path with the largest entanglement rate
from ai to D. Notably, A should exclude edge e; there-
fore, e needs to be added to the excluded edge set. In
subsequent iterations, any edge in the excluded edge set
will not be considered for inclusion in A. Line 11 to
line 13 computes and constructs the new potential path
A′ = {S, a1, a2, ..., ai, a′1, a′2, ..., D} by merging the sub-
path {ai, a′1, a′2, ..., D} with original {S, a1, a2, ..., ai}
from A.

• Line 16 to 18: Remove items from PQueue when the
size of PQueue plus the size of A exceeds h.

C. Step II: Merge paths as flow-like graphs

With a set of feasible paths from Step I, we propose Algo-
rithm 3 to select the set of routes denoted as A to maximize the
network entanglement rate. We denote R = {rϱSD,u,v|ϱSD ∈
M, u, v ∈ V} to record the qubit assignment, where rϱSD,u,v

is the number of qubits between quantum users or switches u
and v assigned to entangle the quantum-user pair ϱSD. The
paths with the same shared quantum states between a quantum-
user pair could be merged as a flow-like graph to save qubits
in the network. The details are summarized in Algorithm 3.

• Line 2 to 3: Sort and enumerate paths in A by the merging
policy.

• Line 4 to 16: Assess each quantum switch ai in the
enumerated path A with length l, and calculate the
needed qubits for merging adjacent edges. There are two
scenarios for merging an edge: First, if the edge already
exists in previous paths for the same quantum-user pair, it
merges directly. Second, if the edge isn’t part of previous
paths but both endpoints have enough remaining qubits, it
can be merged by consuming tmp qubits (Line 7 to 12).
If there are insufficient qubits, the edge cannot merge,
making the path unavailable (Line 13 to 15).
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• Line 18 to 25: Update remaining qubits Q and qubit
assignment R. Once all switches have adequate qubits,
the variable good is set to 1, allowing the path A to be
merged by assigning required qubits from Q. If an edge is
already included in a previous path, its qubits are reused;
otherwise, qubits are deducted from both endpoints.

• Line 27: Remove (A, w) from A if A cannot be merged.

Algorithm 3 Paths Merging Algorithm
Input: V, E ,S,D,M,Q,A
Output: A,R

1: rϱSD,u,v ←− 0, ∀ϱSD ∈M, u, v ∈ V
2: Sort A by the merging policy
3: for all (A, w) ∈ A do
4: good←− 1
5: for all i ∈ [1, l) do
6: tmp←− 0
7: if rϱa0al

,ai−1,ai < w then
8: tmp←− tmp+ w − rϱa0al

,ai−1,ai

9: end if
10: if rϱa0al

,ai,ai+1 < w then
11: tmp←− tmp+ w − rϱa0al

,ai,ai+1

12: end if
13: if Qai < tmp then
14: good←− 0, break
15: end if
16: end for
17: if good = 1 then
18: for all i ∈ [0, l) do
19: if rϱa0al

,ai,ai+1 < w then
20: Qai ←− Qai − (w − rϱa0al

,ai,ai+1)
21: Qai+1 ←− Qai+1 − (w − rϱa0al

,ai,ai+1)
22: rϱa0al

,ai,ai+1 ←− w
23: rϱa0al

,ai+1,ai ←− w
24: end if
25: end for
26: else
27: A ←− A\(A, w)
28: end if
29: end for

Given the paths from Step I, we propose two distinct
merging policies to match line 2 of Algorithm 3: width-
preferred and entanglement rate-preferred.

• Merging Policy I, width-preferred: sort (A, w) ∈ A by w
from high to low. For items with the same w, sort them
by bA from high to low.

• Merging Policy II, entanglement rate-preferred: sort
(A, w) ∈ A by bA from high to low.

In both merging policies, if multiple items have the same
entanglement rate, we break ties using a predetermined order
to ensure consistent and reproducible selection. The order is
determined by the sequence in which the paths are selected by
Algorithm 2. According to the simulation results, the result of
applying the entanglement rate-preferred result is worse than
the result of applying the width-preferred policy.

D. Step III: Utilize remaining qubits

After running Algorithm 3, the majority of the qubits in
the network are allocated to construct entanglement routes.
Nonetheless, a handful of unassigned qubits may still exist
within the network. These residual qubits can be utilized

(a) (b)

(c) (d)

Fig. 6. An example of the entanglement process using the proposed algorithms
is shown. (a) Step I: Prepare two independent paths to entangle a quantum
state between a quantum user pair. (b) Step II: Merge the two single paths
into a flow-like graph by removing commonly utilized qubits between Alice
and Node 1. (c) Step III: Enhance the entanglement rate by adding a quantum
link between Node 3 and Bob to the flow-like graph. (d) Building recovery
paths: Nodes attempt to build recovery paths to improve the entanglement
rate. As shown in the figure, Node 1 and Node 3, Node 1 and Node 2 are not
entangled, so Node 1 attempts to build recovery paths to entangle with Node 1
and 2. The entanglement between nodes 1 and 3 has a higher priority because
the qubits in Node 2 are not entangled resulting in a lower entanglement rate.

to enhance the overall network entanglement rate. We will
incorporate these remaining qubits into the routes selected
by Algorithm 3, aiming to augment the entanglement rate by
expanding the width of quantum channels. The collection of
these newly incorporated links is represented as A′. However,
searching for a path in the manner of Algorithm 3 proves
inefficient at this stage, as paths with high entanglement rates
have already been selected.

As a result, we propose Algorithm 4 to allocate remaining
quibits edge by edge. The process of the Algorithm 4 is as
follows:

• Line 1 to 2: Enumerate all edges with remaining qubits.
• Line 3: Prioritize the link to the route that offers the most

significant enhancement in the entanglement rate relative
to its previous value.

• Line 4 to 5: Assign the qubits to the quantum-user
pair ϱSD. While determining the increased rate may
be computationally intensive, the total execution time
remains reasonable, especially considering the limited
number of residual qubits in the graph post-Algorithm 3.

Algorithm 4 Remaining Qubits Assignment Algorithm
Input: V, E ,S,D,M,Q,R
Output: R

1: for all evi,vj ∈ E do
2: while Qvi > 0 and Qvj > 0 do
3: Find ϱSD inM that maximize the increment of expected

entanglement probability if rϱSD,vi,vj increased by 1
4: rϱSD,vi,vj ←− rϱSD,vi,vj+1, rϱSD,vj ,vi ←− rϱSD,vj ,vi+1
5: Qvi ←− Qvi − 1, Qvj ←− Qvj − 1
6: end while
7: end for

We summarize the entanglement routing process as follows.
First, Algorithm 2 is used to identify multiple simple paths
with the highest entanglement rates. It repeatedly calls Algo-
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rithm 1, which finds the best path with the highest entangle-
ment rate for a given graph and source-destination pair. To
conclude the entanglement routing strategy, we integrate the
routes derived from Algorithm 3 with the subsequent qubit
allocations determined by Algorithm 4. All established routes
utilize the n-fusion entanglement approach. This means that
when a specific route is allocated, switches will maximize
internal qubit entanglement to fuse links for a single shared
quantum state between a quantum-user pair. A detailed time
complexity analysis of the algorithms is provided in the
appendix.

VIII. RECOVERY PATH DESIGN

In this section, we introduce an online algorithm designed
to quickly recover failed entanglement links from Phase II.
Due to the probabilistic nature of entanglement, switches
can repurpose qubits from failed attempts to engage with
nearby switches. However, the limited duration of entangle-
ment prevents communication over long distances, restricting
switches to only local entanglement information from imme-
diate neighbors. Consequently, there is a need for an efficient
algorithm that can establish recovery paths quickly within
these constraints. To meet this need, we have developed an
online recovery path algorithm.

The algorithm is based on the perspective of the switch
vx and includes two processes: the information exchanging
process and the entanglement establishment process. The
quantum switch collects information in H-hop distance during
the information exchange process. Based on the information
collected, the quantum switches build recovery paths in the
entanglement establishment process.

To recover the failed entanglement links, the proposed
online algorithm (Algorithm 5) computes link-level entangle-
ments specifically for constructing recovery paths. These link-
level entanglements are then integrated into existing flow-like
graphs to facilitate end-to-end entanglement.

A. Information Exchanging Process

This process involves collecting information within an H-
hop distance from vx to prepare for the initialization of
recovering failed entanglement links. The detailed process
goes from line 1 to line 14 in Algorithm 5.

• Line 2 to 7: Collect entanglement information from
all switches (lines 2 to 4) and edges (lines 5 to 7)
within an H-hop distance, where H is the maximum
communication distance during the entanglement period.

• Line 8 to 9: Enumerate all potential recovery paths.
• Line 10 to 11: Evaluate potential increases in entangle-

ment by pairing with each neighbor, and construct tuples
f = (c, v,m), where c, v, and m represent the increment,
adjacent switch, and associated pair, respectively.

• Line 14: Sort tuples in descending order by c. Assuming
ordered tuples are f1, f2, . . . , f|F|, where |F| represents
the total number of tuples.

Algorithm 5 Recovery Path Algorithm
Input: G = (V, E),S,D,M,Q,R, vx, t, T
Output: R

1: F ←− ∅,W ←− ∅
2: for all v ∈ V, v in H-hop from vx do
3: Apply known entanglement result of v
4: end for
5: for all e = (vi, vj) ∈ E , vi, vj in H-hop from vx do
6: Apply known entanglement result of e
7: end for
8: for all v ∈ V, v in H-hop from vx do
9: for all m = ϱSD ∈M do

10: Compute the increment c of the successful entanglement
probability when entangle (vx, v) for pair r

11: F = F ∪ (c, v,m)
12: end for
13: end for
14: Sort F in the decreasing order of c
15: for all i ∈ [1,min(|F|, ⌊T/t⌋)] do
16: fi = (ci, vi,mi)
17: for all (R1, vj ,mj , qj) ∈ W do
18: if vi = vj and mi = mj then
19: Reply (R2, vx,mi,min(Qvx , qj)) to vj
20: Qvx ←− Qvx −min(Qvx , qj)
21: Qsavevj ,mj ←− min(Qvx , qj)
22: end if
23: end for
24: if No request indicates entangle with vi for pair ri inW then
25: Send entanglement request (R1, vx,mi, Qvx) to vi
26: end if
27: while Current time in [(i− 1)t, it) do
28: if Receive (R1, v,m, q) then
29: for all k ∈ [1, i] do
30: fk = (ck, vk,mk)
31: if vk = v and mk = m then
32: Reply (R2, vx,m,min(Qvx , q)) to v
33: Qvx ←− Qvx −min(Qvx , q)
34: Qsavev,m ←− min(Qvx , q)
35: end if
36: end for
37: if vk ̸= v or mk ̸= m, ∀k ∈ [1, i] then
38: W ←−W ∪ (R1, v,m, q)
39: end if
40: else if Receive (R2, v,m, q) then
41: Reply (R3,m,min(Qvx , q)) to v
42: Qvx ←− Qvx −min(Qvx , q)
43: rm,vx,v ←− rm,vx,v +min(Qvx , q)
44: else if Receive (R3, v,m, q) then
45: Qvx ←− Qvx +Qsavev,m − q
46: rm,vx,v ←− rm,vx,v + q
47: end if
48: end while
49: i←− i+ 1
50: end for

B. Entanglement Establishment Process

This process is the main process that interacts with other
switches to construct the recovery paths. We assume the
upper bound of the runtime for the entanglement establishment
process to be T , which equals the average coherence lifetime
of an entangled pair in memory, ensuring it is less than the
total duration to allow time for link recovery. Based on T , a
time slot t is chosen, which serves as the waiting period for
switches to exchange information and achieve consensus.

Ideally, switch vx aims to entangle as many qubits as
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possible with the switch for the pair that yields the largest
increment, as described by tuple f1 = (c1, v1,m1). However,
from the viewpoint of the neighboring switch v1, it might
decline the entanglement proposition due to potentially more
favorable alternatives. The decision-making protocol requires
three rounds to finish the consensus of the entanglement.

1) First round: is to let a switch send a first-round request
to another switch to initiate building a recovery path. A first-
round request is indicated as (R1, v,m, q), where v is the
sender, m is the entanglement pair, and q is the maximum
remaining qubits that can be used by v.

• Line 17 to 18: Check if the first-round request that
matches vi and mi has been received before. If yes, vx
will enter the second round.

• Line 24 to 25: Send a first-round request to express the
intention that entangles with vi for pair mi if no first-
round request in W matches the pair.

2) Second round: is to confirm the path purposed by
the first-round request. When a switch receives a first-round
request and wants to build the purposed path, the switch sends
the second-round request for confirmation to the other switch
of the purposed path. A second-round request has the format
(R2, v,m, q). Here, v is the sender, m is the entanglement pair,
and q is the maximum number of qubits available, determined
by comparing qubits from the initial request and v’s remaining
qubits.

• Line 19: Reply a second-round request prompted by the
first-round request remembered by switch vx.

• Line 20 to 21: Update the number of available qubits
of vx, and reserve qubits for the entanglement after
dispatching the second-round request.

• Line 27: Repeatedly check newly received requests dur-
ing the i-th time slot.

• Line 28 to 31: Check if the received first-round request
can be triggered.

• Line 32: Reply a second-round request for the received
first-round request.

• Line 33 to 34: Update the number of available qubits
of vx, and reserve qubits for the entanglement after
dispatching the second-round request.

• Line 37 to 38: Save the first-round request to W for
later use when receiving a request that does not want
to proceed in the current time slot.

3) Third round: is to request signals for the start of the
recovery path construction. Upon receiving a second-round
request, a switch sends a third-round request and begins
building the recovery path. The receiving switch, upon getting
this request, also starts constructing the path, knowing that its
peer has already begun. A third-round request has the format
(R3, v,m, q), while v is the sender of the third-round request,
m is the entanglement pair, and q is the maximum number of
qubits that can be used.

• Line 40 to 41: Reply a third-round request to the sender
of the second-round request.

• Line 42 to 43: Immediately start to entangle and assign
qubits. Note that, q in the third round cannot be greater

than the q in the corresponding second round, which is
trivial.

• Line 44 to 47: Start to entangle when receiving a third-
round request. The receiver has reserved qubits during the
second round. It not only assigns qubits for entanglement
but also releases the extra qubits after receiving the third-
round request.

We summarize Algorithm 5, which runs on each quantum
switch. The switch first collects known entanglement results
from its neighbor switches. Then it ranks all potential solutions
in decreasing order of successful entanglement probability.
Next, the switch initiates a three-round interaction protocol
with its neighbor switches. The core idea of the protocol is to
gradually expand the range of candidate solutions over time
while waiting to reach consensus with the neighbor switches.

IX. SIMULATION RESULTS

In this section, we present the results of our simulations.
We have implemented the proposed algorithms and compared
their performance to existing methods. We have conducted ex-
tensive evaluations by varying multiple parameters to increase
the reliability of the simulations. We follow the simulation
setup described in Ref. [15], but independently implemented
our simulation in C++. All simulations were conducted on a
desktop equipped with an Intel Core i7 processor and 32 GB
RAM.

A. Network Setting

The default network settings are as follows, with different
network parameters being tested separately later. We generate
the network using the Waxman method [53]. The quantum
network’s area is set to a 100 × 100 unit square, where
each unit is considered as 1 kilometer. Switches and quantum
users are nodes randomly placed within the area. The network
comprises 100 switches. There are 20 unique quantum-user
pairs, and each pair shares a unique quantum state. We fix a
time window matching the typical entanglement lifetime and
measure performance by the expected number of entangled
states shared within this period. As the window is fixed, we
report the count rather than a time-normalized rate. Edge
generation follows the work in [53]. Quantum-user nodes are
connected directly to switches but not to other quantum-user
nodes. The distance of each edge is at least 0.5√

|V|
, where |V|

represents the number of nodes in the network. The number
of edges is determined by the average degree of the switches,
set at 10. For reference, the average minimum path hop
number between all users is approximately 4.2, but due to
random placement, there are significant differences in paths.
We assume that each edge has sufficient capacity to serve
quantum users according to our model’s assumptions. The
classical bit transmission speed is set as 2.07 ∗ 108m/s [46].

The main limitation of the network is the switch capacity,
capped at 10 qubits as determined by real experiments [54].
To account for network topology randomness, we generate
and analyze five random networks, averaging their entangle-
ment rates. The default success probability for entanglement
swapping in switches is set at 0.9 [15], and the average
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TABLE I
NETWORK ENTANGLEMENT RATE UNDER DIFFERENT NETWORK

GENERATION METHODS

Graph Method Alg-N-Fusion NF-Rec Q-CAST B1 Alg-3 Merge-II
[Waxman] 15.60266 15.70904 6.43951 5.64729 14.11699 13.980894
[Watts-S] 14.54874 15.80869 6.88530 6.03613 12.64844 12.95601
[Aiello] 14.28436 16.00000 5.69976 5.06450 12.33531 11.30182

successful entanglement probability across links is modeled
as Pij = e−αLij with α at 0.01. When running the recovery
path algorithm, the maximum hops H is set to 5. This ensures
that the total swapping and communication delay remains well
within the coherence time (1.46 s [55]) for quantum memory.
The default simulation parameters are summarized in Table III
in the appendix.

B. Algorithm Benchmarks

We compare the network performance with the following
algorithms.

• ALG-N-FUSION: We name our proposed entanglement
routing algorithm as ALG-N-FUSION, which employs
Merging Policy I.

• NF-REC: NF-REC represents the combined result of
ALG-N-FUSION and Algorithm 5.

• ALG-3: This approach involves performing only Algo-
rithm 3, which employs Merging Policy I and does not
utilize the remaining qubits through Algorithm 4.

• MERGE-II: The results obtained using Merging Policy II
are denoted as MERGE-II.

• Q-CAST: This algorithm is a specific version of ALG-
N-FUSION where N = 2. This indicates that switches
only perform traditional swapping through BSMs. This
version closely resembles the Q-Cast algorithm proposed
in [15], [16], so we name it Q-CAST.

• BASELINE-1(B1): This algorithm extends the one in [18]
from a single pair to multiple pairs. For each pair, we run
the algorithm once and remove the occupied resources.
The result represents the total entanglement rate of all
pairs.

C. Results

1) Network generation methods: We utilize two additional
methods to generate networks. The first method is the Watts-
Strogatz approach [56], known for producing networks that
bear properties akin to real-world communication systems.
The second method is based on Aiello algorithm [57], which
creates scale-free power-law random graphs mirroring the
topologies commonly observed in real-world networks.

Table I presents the results of comparing network perfor-
mance under three network generation methods. As shown,
NF-REC achieves the highest network entanglement rate when
compared to other benchmarks in networks generated by
different methods. This suggests that our proposed algorithm
can adapt to general network topologies and achieve good
performance.

2) Algorithm 4 (Remaining Qubits Assignment Algorithm)
Performance: Table I further illustrates the enhancements
delivered by Algorithm 4. This is evident when comparing
the performance of ALG-N-FUSION with the outcome when

solely employing Algorithm 3, without the incorporation of
Algorithm 4. Notably, incorporating Algorithm 4 can boost
the network entanglement rate by as much as 16.3%. Such
improvement is attributed to the fact that some qubits might
be overlooked for path selection in Step I due to width
constraints. Leveraging n-fusion allows for the more efficient
utilization of these qubits in Step III, courtesy of Algorithm 4,
which in turn bolsters network performance. This underscores
the significance of Algorithm 4 as an integral facet of our
entanglement routing algorithm.

3) Algorithm 5 (Recovery Algorithm) Performance: Al-
gorithm 5 improves the entanglement rate in most cases.
As shown in Table I, Figure 7a, Figure 7b, Figure 7c, and
Figure 7d, there’s a notable improvement when comparing
ALG-N-FUSION to NF-REC, reaching up to 16.6%. This
underscores our recovery path algorithm’s ability to effectively
salvage numerous paths that weren’t initially entangled. No-
tably, Figure 8a indicates that when the average link success
probability stands at 0.1, Algorithm 5 boosts the original
entanglement rate by a whopping 366%. This surge can be
attributed to the fact that many edges initially fail to entangle,
and the few that succeed aren’t optimally used. Recovery
paths intervene, leveraging the successful edges to substan-
tially elevate the probability. However, as seen in Figure 8b,
the improvement margin attributed to Algorithm 5 remains
relatively constant. Given that all quantum switches in these
simulations share identical successful swapping probabilities,
variations in this probability don’t influence Algorithm 5’s
routing outcomes.
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Fig. 7. (a) The network entanglement rate vs. the number of qubits in a
switch. (b) The network entanglement rate vs. the number of switches. (c)
The network entanglement rate vs. the number of quantum states to be shared.
(d) The network entanglement rate vs. the average degree of a switch.

4) Quantum Parameters: Figure 8a and Figure 8b elucidate
the network entanglement rates as influenced by the quantum
link successful entanglement probability (i.e., p), and the
entanglement-swapping probability (i.e., q), respectively.

From the observations in Figure 8a, as the average quantum
link successful entanglement probability p is varied, noticeable
shifts in the network entanglement rates become evident. By
making an assumption that all links have a consistent p value,
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Fig. 8. (a) The network entanglement rate vs. average quantum link successful
entanglement probability (i.e., p). (b) The network entanglement rate vs.
switch entanglement-swapping probability (i.e., q).

we negate the variability stemming from network generation.
With an escalation of p from 0.1 to 0.4, there’s a pronounced
surge in the network entanglement rate, peaking at an im-
pressive 775% growth. Across all tested values of p, ALG-N-
FUSION consistently delivers superior performance over other
considered algorithms. Interestingly, the performance differ-
ential between ALG-N-FUSION and its competitors narrows
as p increases. This accentuates the capability of ALG-N-
FUSION to efficiently harness network resources, especially
under real-world conditions where p tends to be on the lower
side. Compared with our algorithm, the performance of Merge-
II increases more with the increase of successful swapping
probability. It may be because the width-preferred merge
strategy significantly improves the entanglement rate when the
probability of successful swapping of a single edge is low.

Moreover, the results highlight that n-fusion can still achieve
a higher entanglement rate, even when its swapping rate is
significantly lower than that of BSMs. For example, when
the GHZ entanglements have swapping rates of 0.3, the
entanglement rate calculated by our algorithm is still better
than that of BSM entanglement algorithms with 0.9 swapping
rate, i.e., Q-CAST.

5) Network Parameters: We test four network parameters
in our simulations: the number of qubits in a switch; the
number of switches; the number of quantum states to be shared
between quantum-user pairs; and the average degree of a
switch in the network. The results of varying these parameters
are presented in Figure 7a, Figure 7b, Figure 7c, and Figure 7d
respectively.

In this paper, we consider qubits in switches as the main
limitation for entanglement routing. Increasing either the num-
ber of switches or the quantum capacity of each switch (i.e.,
more qubits per switch) directly expands the network’s overall
quantum capacity.

From Figure 7a, it is evident that a switch’s performance is
enhanced with a higher quantum capacity, i.e., more qubits.
Figure 7b highlights a clear upward trend in the entanglement
rate as the number of switches grows. However, a notable
exception is Q-CAST. Its entanglement rates actually diminish
with a greater number of switches, a consequence of its
routing metrics struggling with extended distances, resulting
in suboptimal resource utilization.

In Figure 7c, as the quantum state demands from user pairs
swell, there is a corresponding surge in the entanglement rate.
Meanwhile, Figure 7d delves into the relationship between a
switch’s average degree and the network entanglement rate.

A higher average degree, indicative of more connections per
switch, is correlated with an elevated entanglement rate. This
increase in connections broadens the array of available paths
for quantum users to share entangled states. The benefits of
n-fusion become increasingly pronounced in such scenarios,
with a denser network granting more flexibility for link fusion.

In summary, increasing network parameters like the number
of qubits, switches, and node degree can expand the overall ca-
pacity of the network to serve quantum users and enhance the
entanglement rate. Moreover, network performance is linked to
user requests (the number of states to be shared). With a fixed
set of requests, the incremental increase in entanglement rate
due to network capacity becomes slower once most requests
are satisfied. When physical distances are not significantly
changed, increasing the number of switches could potentially
reduce the entanglement rate due to longer hop distances be-
tween users. Therefore, it is crucial to carefully adjust network
parameters when designing real quantum networks. Our results
also underscore the efficacy of n-fusion, particularly in dense
networks, and the robustness of our proposed algorithm across
a variety of network configurations. It not only adapts well to
diverse topologies but also capitalizes on network resources
judiciously.

6) Simulation Summary:
1. N -fusion versus the traditional swapping. Through

our simulations, it becomes evident that within a consistent
network framework, with unchanged resources, the network’s
performance, as evaluated by the entanglement rate, is sig-
nificantly superior under the n-fusion entanglement-swapping
mechanism (employing GHZ measurements) as opposed to the
traditional swapping technique (using BSMs).

To put this into perspective, when comparing to the Q-
CAST, our algorithms ALG-N-FUSION enhance the network
entanglement rate by an impressive 655%. This pronounced
improvement can be attributed to the fact that n-fusion offers
a more resource-efficient swapping mechanism relative to tra-
ditional methods. The capability of switches to fuse a greater
number of quantum links bolsters the successful probability
of entangling qubits between quantum-user pairs, even when
the available network resources remain constant.

2. Performance under n-fusion. Under the same network
entanglement-swapping method with n-fusion in the same net-
work, ALG-N-FUSION can improve the network entanglement
rate by up to 293% compared to B1 respectively. This indi-
cates that our proposed ALG-N-FUSION is the most efficient
algorithm among them as it can fully utilize the network
resources to improve the network performance. Moreover,
ALG-N-FUSION shows incomparable performance when the
link’s successful entanglement probability and the switch’s
successful swapping probability are small, which is a case
closer to reality. For example, p = 0.1 from Figure 8a and
q = 0.3 from Figure 8b. The reason for this is that ALG-N-
FUSION can efficiently utilize qubits through merging links to
increase the entanglement rate.

3. Merging Policies Comparison. The simulation data
reveals that in the majority of scenarios, Merging Policy I
(ALG-N-FUSION) demonstrates marginally superior efficacy
compared to Merging Policy II (MERGE-II). This divergence
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TABLE II
THE RUNNING TIME OF PROPOSED ALGORITHMS

No. Switches Offline Stage Total Online Stage Average Online Stage
50 20460.2ms 37.6ms 0.752ms

100 61353.2ms 173.6ms 1.736ms
200 101670.6ms 590.6ms 2.953ms
400 105391.2ms 4728.8ms 11.822ms

in performance can be traced back to the construction of Aw

from paths of the greatest width. Notably, when mapping paths
for a singular shared quantum state, paths of varying widths
might overlap.

Under this methodology, paths characterized by narrower
widths may take precedence in route selection. This can inad-
vertently cause scenarios where broader paths are precluded
from selection, especially if the qubits from the overlapping
sections have already been appropriated by the narrower path.
Such an occurrence can render a set of broad-width paths,
which inherently have greater entanglement rates, ineligible
for routing as the algorithm progresses.

On the other hand, prioritizing paths based on their larger
widths, as seen in Algorithm 3, circumvents this issue. In
this algorithm, paths characterized by their broader widths and
inherently higher entanglement rates are selected with a higher
priority. This mechanism ensures that Algorithm 3 consistently
outperforms the aforementioned merging strategy.

4. Running Time of Online Stage
Quantum memory lifetimes of 1.46 seconds have been

demonstrated on a microscopic nuclear-spin environment [55].
Given this short duration, our approach predetermines the
entanglement routes under n-fusion in Phase I and then
performs quantum operations like quantum link generation
and swapping based on these routes, and recovers failed
entanglement links to achieve end-to-end entanglement within
a single entanglement period. To evaluate this, Table II shows
the running time of our proposed algorithms in Phase I and
Phase II, respectively. The running time is measured using
standard C++ timing functions from the <time.h> library. The
offline stage includes the total running time of Algorithm 1,
2, 3, and 4. The online stage includes the total running time
of Algorithm 5, the entanglement distribution time, and the
classical communication latency. Since different nodes have
different running times, we compute the average running time
of nodes. The results reveal that the running time of the offline
stage is significantly higher than the running time of the online
stage. As the number of switches in the network increases,
the time consumed by the offline stage and the online stage
increases, while the difference between them decreases. In a
network with 400 quantum switches, the offline stage is 8915
times that of the online stage. The simulation results also show
that our proposed online algorithms can be completed within
the short existing entanglement time.

X. CONCLUSION

In this paper, we have introduced a general entanglement
routing model for quantum networks with arbitrary topologies,
where switches employ n-fusion, a general entanglement-
swapping method. We have developed efficient algorithms
to maximize the network entanglement rate for multiple

quantum-user pairs. Extensive numerical evaluations have
demonstrated that our proposed algorithms outperform existing
approaches in terms of network performance under n-fusion.
There is a vast potential for future research on the topic of n-
fusion in quantum networks. Among the possibilities, we have
identified two research topics directly related to this work:
1) The fundamental model presented in this paper can be
readily extended to more sophisticated cases, such as fidelity-
aware scenarios, and the proposed algorithms can be applied to
support related quantum networking research areas, including
quantum mapping and quantum network architecture design.
2) Design approximation algorithms for flow-like graphs in
quantum networks. We expect that this paper will stimulate
further research on the application of n-fusion in related fields,
significantly contributing to the eventual success of quantum
networks.
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APPENDIX

PROOF OF THEOREM 1

Proof. The decision version of NERP is to determine whether
there exists an n-fusion entanglement routing solution for k
quantum user pairs. To show the NP-Completeness of this
problem, we give the definition of the simple Two-Commodity
Integral Flow in Directed graphs (SD2CIF) problem [58].

Given a directed finite graph G = (V, E). A directed edge
from u to v is denoted eu,v ∈ E . The capacities of all edges
are equal to one. Given sources s1, s2 ∈ V , and terminals
tl, t2 ∈ V . The problem is to determine whether there exist
two flow functions fl and f2 such that

(a) For every eu,v ∈ E , f1(u, v) + f2(u, v) ≤ 1.
(b) For each commodity i ∈ {1, 2} and each vertex v ∈

V − {si, ti},
∑

eu,v∈E fi(u, v) =
∑

ev,w∈E fi(v, w).
(c) For each commodity i ∈ {1, 2} let the total flow be Fi =∑
esi,v∈E fi(si, v)−

∑
ev,si

∈E fi(v, si). Then it is required that
F1+F2 = R, while R is a positive integer called requirement.

An input of SD2CIF can map to an input of NERP. All
vertices from SD2CIF are mapped one-to-one to quantum
users or switches in NERP with infinite capacity, as capacity
constraints in SD2CIF are applied to edges, not vertices. While
SD2CIF is set on a directed finite graph, we can regard each
undirected edge in NERP as two directed edges in different
directions. The main difference in inputs between NERP and
SD2CIF is that each edge in SD2CIF has 1 capacity limit,
while each switch v in NERP has capacity Qv . To transfer
the capacity conditions, we can add a vertex for each edge in
SD2CIF. To represent edge ei,j in SD2CIF, we use one switch
vij and two links ei,vij , evij ,j in NERP. vij with capacity 1
can implement the edge capacity limitation of SD2CIF.

A solution to NERP can be reduced to a solution to SD2CIF.
If we have a NERP solution, we can trace two entanglement
paths that connect the sources to the terminals, each represent-
ing a solution for SD2CIF. Conversely, a solution to SD2CIF
can serve as a solution to NERP as a 2-fusion entanglement
routing problem. To verify a solution to NERP in polynomial
time, we can compute the entanglement rate by the methods
proposed in Section V. Therefore, NERP is in NP.

Since SD2CIF has been proven to be NP-Complete [58],
and we can reduce SD2CIF to NERP in polynomial time, the
decision version of NERP is NP-Hard. As NERP is in NP, this
establishes NERP as an NP-Complete problem.

TIME COMPLEXITY ANALYSIS

Algorithm 1

The time complexity of Algorithm 1 is O(|V| log |V|+ |E|).
The algorithm will traverse all vi ∈ V , and all evi,vj ∈ E .

Algorithm 2

The time complexity of Algorithm 2 is
O(|M|Wh|V|(|V| log |V| + |E| + log h)). The terms |M|,
W, h, and |V| correspond to the loop iterations in lines 1,
2, 6, and 10, respectively. The inner loop involves running
Algorithm 1 and operations on a priority queue, which
together have a complexity of O(|V| log |V|+ |E|+ log h).

Algorithm 3

The time complexity of Algorithm 3 is O(h(log h+ |V|)).
The algorithm sorts paths in A in line 2, with a time cost of
O(h log h). The algorithm enumerates all paths in A in line 3,
with a time cost of O(h). In line 5, it iterates over all edges
within each path, incurring a cost of O(|V|) per path. The total
time complexity is O(h(log h+ |V|)).

Algorithm 4

The time complexity of Algorithm 4 is O(W|E||M|(|V|+
|E|)). Theoretically, the loop covered by line 1 runs O(E)
times, and line 2 runs O(W) times. Line 3 computes the incre-
ment of expected entanglement probability with O(|V|+ |E|)
complexity for O(|M|) times.

The actual time cost is much lower for Algorithm 4, since
most switches may not retain W free qubits, thus the W|E|
term is loose. Theoretically, considering the W dependency,
the algorithm is pseudo-polynomial. However, the algorithm’s
time complexity remains acceptable since the W term is
relatively loose.

As a comparison, the algorithm from [16] that re-
solves the problem under BSM has the time complexity
O(|P |(|V| log |V| + |E|(hmW)), when |P | is the number of
found paths during the algorithm, and hm is the maximum
possible length of path. Comparing this complexity to the
complexity of Algorithm 3, O(|P |) = O(h|V|), so the two
algorithms are at the same level in terms of time complexity.

Algorithm 5

We analyze the time complexity of Algorithm 5 in two seg-
ments: the information exchange process and the entanglement
establishment process. The complexity for the information
exchange, spanning Line 1 to Line 14, stands at O(|E| +
|S||V| log(|S||V|)). However, the practical time consumption
might be less, given that v′ ∈ V needs to be within H-
hops from v. For the entanglement establishment, since it’s
set to operate over a fixed total time T divided into ⌈T/t⌉
slots, we focus our analysis on individual time slots. Within
each slot, v evaluates R once and then waits for incoming
requests. Upon receiving a first-round request, v inspects up
to ⌈T/t⌉ elements in F . This results in a time complexity
of O(|S||V|) for each slot. Each processed first-round request
has a complexity of O(⌈T/t⌉). In conclusion, the given time
complexity is sufficient for v to execute Algorithm 5.

TABLE III
DEFAULT SIMULATION PARAMETERS

Network size 100× 100
unit square

Number of unique quantum-user pairs 20
Number of quantum switches 100
Average minimum path hop 4.2
Success n-fusion probability 0.9
α 0.01.
H 5
Classical communication delay 2.07 ∗ 108m/s


